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Abstract 
This paper deals with carbon price variations using a multi time scale decomposition based on the theory of wavelets. 
Our approach is based on wavelet packet transforms. This original approach enables us to identify that the periods 
which contribute the most to EUA spot, EUA futures, and CER futures price variations are February-April 2008, 
October-November 2008, and the recent 2009-2011 business cycle which correspond to major institutional 
uncertainties and changes in macroeconomic fundamentals. This wavelet decomposition therefore provides additional 
evidence on the drivers of carbon prices being institutional events and economic activity.
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1 Introduction
Wavelet approaches have been employed for numerous studies of time series
problems. Hunt and Nason (2001) use the wavelet packet transfer methodol-
ogy to generate a predictive model between Met Oﬃce wind speed measure-
ments taken at established weather stations, and those taken at a prospective
wind farm site. Nason et al. (2001) consider another situation to classify in-
fant sleep state for future time periods from heart-rate data. Lee (2005)
proposes a new methodology using wavelet transformation to estimate the
memory parameter in the US monthly inﬂation rate. Wu (2006) examines
the relative eﬃciency of wavelet estimator of a regression model with both
regressors and disturbances having long memory. Yogo (2008) uses multires-
olution wavelet analysis to decompose GDP data into trend, cycle, and noise.
This paper provides the ﬁrst empirical application of wavelet packet meth-
ods for the analysis of carbon prices, exchanged under the EU Emissions
Trading Scheme (EU ETS) and the Clean Development Mechanism (CDM).
Under the EU ETS, European Union Allowances (EUAs) are exchangeable
between energy-intensive companies for each ton of CO2-equivalent emitted
in the atmosphere. Under the CDM, which is a project-based ﬂexibility
mechanism of the Kyoto Protocol, Certiﬁed Emissions Reductions (CERs)
are exchangeable between parties, but also between companies, once they
have been sold on the secondary market (see Chevallier (2011a;b) for a re-
view of both markets).
Wavelets have many characteristics (in terms of structure extraction, lo-
calization, eﬃciency, sparsity, etc.) which oﬀer the insurance that they will
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work sometimes better than certain competitors on some classes of problems,
but typically work nearly as well on all classes (see Nason (2008)). In our
setting, this approach is useful in revealing that the behavior of carbon prices
is not the same through all timescales, and that a multiscale analysis can help
unravel the changes that occur in the series of EUA spot, EUA futures, and
CER futures.
The rest of the paper is structured as follows. Section 2 presents the
data used. Section 3 contains the econometric analysis. Section 4 brieﬂy
concludes.
2 Data
We study the time-series of EUA spot, EUA futures, as well as CER futures
daily closing prices.
2.1 EUA Spot Price
Figure 1 presents the daily time series of EUA Spot prices traded in = C/ton
of CO2 on BlueNext (BNX) from February 26, 2008 to April 26, 2011 which
corresponds to a sample of 819 observations. The start of the study period
corresponds to the trading of CO2 spot allowances valid during Phase II
under the EU ETS1.The EUA Spot prices are also presented in logreturn
transformation in the bottom panel of Figure 1.
Descriptive statistics for all raw time-series and logreturns may be found
1Phase I spot prices are not considered here, due to their non-reliable behavior (see
Alberola and Chevallier (2009) for more details on the eﬀects of inter-period banking
restrictions on the price pattern of EUA spot prices during 2005-2007).
2
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in Table 1. According to the Jarque-Bera test statistic, the distributional
properties of the EUA Spot raw price series appear non-normal. In logre-
turn transformation, the carbon futures are negatively skewed and since the
kurtosis (or degree of excess) in exceeds three, a leptokurtic distribution is
indicated. This comment applies in the remainder of the paper.
2.2 EUA Futures Price
Figure 3 presents the daily time series of EUA Futures prices traded in = C/ton
of CO2 on the European Climate Exchange (ECX) from April 22, 2005 to
April 26, 2011 which corresponds to a sample of 1,548 observations. The start
of the study periods corresponds to the trading of CO2 futures allowances on
ECX. The EUA Futures prices are also presented in logreturn transformation
in the bottom panel of Figure 3.
2.3 CER Futures Price
Figure 5 presents the daily time series of CER Futures prices traded in = C/ton
of CO2 on ECX from March 09, 2007 to April 26, 2011 which corresponds to
a sample of 1,066 observations. The start of the study periods corresponds
to the trading of CER futures allowances on ECX. The CER Futures prices
are also presented in logreturn transformation in the bottom panel of Figure
5.
In what follows, we consider the log-return transformation of each time-
series in the econometric analysis. In the next section, we present our esti-
mation results.
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3 Econometric Analysis
We explain ﬁrst the basis of the econometric modelling with wavelet packet
methods. Then, we detail the results obtained when applying this method-
ology to carbon prices.
3.1 Wavelet Packet Transforms
In this section we base our exposition on, and borrow notation from, Na-
son (2008) which draws on work on wavelet packet transforms by Wick-
erhauser (1994), Coifman and Wickerhauser (1992), and Hess-Nielsen and
Wickerhauser (1996). Besides, Percival and Walden (2000) have explained
the discrete wavelet packet transform. Other useful contributions for time
series analyses include Bernardini and Kovacevic (1996), Ombao et al. (2001,
2002, 2005). More recently, Gabbanini et al. (2004) have extended the def-
inition of wavelet variance to wavelet packets, and introduced a method to
discover variance change points based on wavelet packet variance2.
Following the description in Coifman and Wickerhauser (1992), we start
from a Daubechies mother and father wavelet, ψ and φ, respectively. Let








hkWn(2x − k) (1)
2On a related topic, we may also cite the pioneering work on multiple wavelets by
Geronimo et al. (1994), Strang and Strela (1994,1995), Xia et al. (1996) and Strela et al.
(1999).
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gkWn(2x − k) (2)
These equations correspond to the description that both hk and gk are
applied to W0 = φ and both to W1 = ψ, and then both hk and gk are applied
to the results of these.
Coifman and Wickerhauser (1992) deﬁne the library of wavelet packet
bases to be the collection of orthonormal bases3 comprised of (dilated and
translated versions of Wn) functions of the form Wn(2jx−k), where j,k ∈ Z
and n ∈ N. Here, j and k are the scale and translation numbers respectively,
and n is a new kind of parameter called the number of oscillations. Hence,
they conclude that Wn(2j − k) should be (approximately) centered at 2jk,
have support size proportional to 2−j, and oscillate approximately n times.
The deﬁnition of wavelet packets in eq. (1) and (2) shows how coeﬃ-
cients/basis functions are obtained by the repeated application of ﬁlters to
the original data (see Nason (2008) for a visual explanation of this mecha-
nism).
3.2 Empirical Results
This modelling approach produces the wavelet packet plots shown in Figures
2, 4 and 6 for EUA Spot, EUA Futures and CER Futures prices, respectively.
Turning to the scale 7 wavelet details in Figure 2 (for EUA Spot prices),
we note that they are able to capture the period of strong adjustment to
the recession, approximately from January 2009 onwards. At the smallest
3See also Coifman and Wickerhauser (1992) for a formal deﬁnition of an orthonormal
basis.
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scale 5, we observe a clear rupture in February-April 2008, corresponding
to the compliance event for the year 2007 on the European carbon market
(see Chevallier (2011a) for a review of the calendar of compliance events on
this market). At the intermediate scale 6, we can see an additional signﬁ-
cant rupture in October-November 2008, corresponding to rising uncertain-
ties concerning post-Kyoto agreements which were going to be discussed at
the COP/MOP Summit in Poznan (Poland) in December of the same year.
Let us now look at the wavelet details in Figure 4 (for EUA Futures
prices). The estimation results are roughly similar, although at scale 7
smaller shocks are detected into CO2 futures price movements throughout
the recent 2009-2011 period covering the adjustment to the economic reces-
sion and the slight economic uptake. The diﬀerence between spot and futures
prices for the same asset may indeed be summarized as follows: while spot
prices embody expectations about current events and shocks (on the phys-
ical market for the commodity), futures prices reﬂect a longer-term view
and larger set of information about market agents’ expectations of future
events (such as the shape of international climate negotiation mechanisms
until 2020).
Another feature which can be observed from Figure 6 (for CER Futures
prices) is the larger variations at scales 6 and 7, which occur during 2008-
2009 and exhibit more peaks than for EUA spot and futures price series. This
result does not constitute a surprise in itself, as CERs are characterized by
an even greater level of uncertainty than EUAs since there is no post-Kyoto
scheme conﬁrmed after 2012 (but the validity of CERs use for compliance in
the EU ETS has been conﬁrmed during 2013-2020, see Chevallier (2011b)).
6
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4 Conclusion
While most previous studies rely on standard time-series analysis to study
the empirical properties of carbon prices, this paper uses a more innovative
approach based on wavelet packet transforms. Such a decomposition analysis
has been found to be useful in previous literature to decompose a signal into
various time scales, without losing time-related information, and to capture
the various time scales at which the factors that inﬂuence the carbon price
operate.
We show that the periods that have contributed the most to carbon price
variations over Phase I and currently Phase II are:
• February-April 2008: for EUA spot prices, this corresponds to the 2007
compliance event;
• October-November 2008: for EUA spot prices, this corresponds to
rising uncertainties about post-Kyoto negotiations before the Poznan
summit;
• the recent 2009-2011 period: for EUA futures prices, this corresponds
to a period of adjustment to the economic recession and timid recovery;
• 2008-2009: for CER futures prices, this corresponds to similar kinds of
uncertainties concerning the status of the CDM post-2012.
These oscillations seem to occur mostly during periods of strong insti-
tutional uncertainties. They also correspond to the time scales of business
cycles. We may therefore conclude that carbon price variations are mainly
driven by institutional events and macroeconomic fundamentals.
7
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Figure 1: Time series of BNX Spot daily closing prices in raw form (top) and
logreturn transformation (bottom) from February 26, 2008 to April 26, 2011
Source: BlueNext
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Figure 2: Wavelet decomposition for BNX Spot daily closing prices in logre-
turn transformation from February 26, 2008 to April 26, 2011
Note: The time series at the bottom of the plot, scale eight, depicts the original data. At
scales seven through ﬁve diﬀerent wavelet packets are separated by vertical dotted lines.
The ﬁrst packet at each scale corresponds to scaling function coeﬃcients, and these have
been plotted as a time series rather than a set of small vertical lines. The regular wavelet
coeﬃcients are always the second packet at each scale.
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Figure 3: Time series of ECX EUA Futures daily closing prices in raw form
(top) and logreturn transformation (bottom) from April 22, 2005 to April
26, 2011
Source: European Climate Exchange
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Figure 4: Wavelet decomposition for ECX EUA Futures daily closing prices
in logreturn transformation from April 22, 2005 to April 26, 2011
Note: The time series at the bottom of the plot, scale eight, depicts the original data. At
scales seven through ﬁve diﬀerent wavelet packets are separated by vertical dotted lines.
The ﬁrst packet at each scale corresponds to scaling function coeﬃcients, and these have
been plotted as a time series rather than a set of small vertical lines. The regular wavelet
coeﬃcients are always the second packet at each scale.
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Figure 5: Time series of ECX CER Futures daily closing prices in raw form
(top) and logreturn transformation (bottom) from March 09, 2007 to April
26, 2011
Source: European Climate Exchange
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Figure 6: Wavelet decomposition for ECX CER Futures daily closing prices
in logreturn transformation from March 09, 2007 to April 26, 2011
Note: The time series at the bottom of the plot, scale eight, depicts the original data. At
scales seven through ﬁve diﬀerent wavelet packets are separated by vertical dotted lines.
The ﬁrst packet at each scale corresponds to scaling function coeﬃcients, and these have
been plotted as a time series rather than a set of small vertical lines. The regular wavelet
coeﬃcients are always the second packet at each scale.
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